Full waveform acoustic well logging has become instrumental to hydrocarbon exploration because of its ability to determine in situ velocity information for P and S waves as well as the attenuation (or absorption) of seismic energy. It is therefore important that the factors infiuencing these logs be understood. In addition to formation properities, Poisson's ratio, the borehole environment, and tool centering can affect the full waveform acoustic logs. These latter factors are evaluated through modeling of elliptic boreholes and de-centralized tools in the borehole.
INTRODUCTION
A number of factors affect the observed full waveform acoustic log amplitudes. Formation properities play an important role. In addition the borehole environment can cause variations. For example, borehole rugosity impedes the propagation of head waves (Morris et aI., 1964) . In areas of' cavitation and washouts, critical refraction may be prevented, resulting in low amplitude waveforms. Lebreton et al. (1978) report a strong reduction in waveform amplitude proportional to an increase in mud cake thickness.
Centering of the sonde and a cylindrical borehole are crucial to waveform amplitudes and arrival times. In most full waveform logging systems the tool is held centralized in the borehole by several bow type springs which press against the formation. In other systems, rubber "fingers" keep the tool centralized. The reliability of these methods in keeping the tool centralized in holes with a true circular cross section as well as in irregular holes has not been well documented. The actual amount of "rattle" that the tool experiences is not generally known.
Morris estimates that moving the source one quarter of an inch (0.64 cm) off-center decreases the P wave amplitude by one half (Morris et al., 1964) . This is a significant effect for such a small displacement. In experiments with a tool placed in a trough to simulate a cased borehole it was determined that moving the centralized source completely against the casing not only decreases the amplitude of the recorded waveform but also increases its complexity and reverses the apparent polarity of the first motion (Riddle, 1962) . Studies by Forristall and Ingram (1969) show that an off-centered condition for a fiuid cylinder yields two types of refiected arrivals: one associated with the source waveform, and the other with its derivative. Roever et al. (1974) conclude that when the source and detector are displaced off-center on the same side, P waves constructively interfere, and S waves destructively interfere, and that when source and detector are on opposite sides of the center, P waves destructively interfere while S waves constructively ,interfere. Approximations for P and S waves for an off-center source in terms of a sum of an infinite number of potentials have been derived by Winbow (1980) . Non-circular cross section boreholes may be due to washouts, abrasion of the drill string ag.ainst the borehole wall, or by the release of local stresses around the borehole. Certainly in soft formations the first two effects are dominant. Irregular cross sections are difficult to model accurately without resorting to numerical methods. The interest of this paper lies in the qualitative effect of a non-circular borehole. For this reason an elliptic borehole is examined. Strain relaxation around the borehole results in elliptic deformation of the borehole and it is possible that drill string abrasion could results in an elliptic borehole cross section as well.
In this paper the terms "off-center" and "tilted" have specific meanings. A tool is off-center when it is located off the central axis of the borehole in one radial direction and remain parallel to the axis of the borehole. A tool is tilted when it has an arbitrary tilt with respect to the hole geometry.
MODELS OF El.J.JPTIC BOREHOLES AND DECENTRAIJZED TOOLS
Three simple approximate modeling techniques and one exact method are presented to offer new insight into the borehole irregularity problem. The first assumes that the waveforms may be summed from intermediate sized boreholes to approximate the elliptic and off-center cases. The second method uses a high frequency assumption to perform ray tracing of critically refracted body waves (I.e., P and S headwaves) for a tilted sonde. The third method uses a Huygen-type wavefront anaiysis to check the validity of the other two methods. For a speciai case with the source on borehole axis the effect of moving the receiver off the axis is modeled. Finally" a statistical approach is discussed to remove the ellipticity effects of the hole and tilt of the sonde from the recorded waveforms.
Elliptic Borehole
The first model assumes that the sonde is located on the central axis of a borehole with an elliptic cross section and eccentricity e. as shown in Figure 1 . Each ray which leaves the source will encounter the wall of the borehole at a different radiai distance away from the sonde. This distance, r., is the effective radius of the borehole for that particular take off angle. rp is the take off angle, in plan view, of each ray as it leaves the source, referenced from the shortest ray path as shown in Figure 1 . For a zero take off angle (rp=O) the ray "sees" a small borehole. For each larger take off angle the ray "sees" a progressively larger borehole until rp=; where it "sees" the largest borehole. It is assumed that for each take off angle around the source the propagation path of the waveform can be isolated. This waveform is replaced by a waveform from a centered sonde in a circular borehole with the corresponding effective borehole radiUS, r., for that particular take off angle. Each take off angle is replaced with a waveform from a centered sonde in a circular borehole with this technique. The sum of these waveforms is a stacked waveform which approximates the log from an elliptic borehole. It is not feasible to analyze all 5-2 I ( take off angles, a representative number of them are evaluated.
The method developed by Cheng and Toksoz (1981) to generate synthetic acoustic waveforms for the borehole is used to model the off center case. While their method does not contain a tool in the hole, they show that an effective tool radius can be subtracted from the borehole radius to match actual waveforms. A borehole radius of 4 inches (10.2 em) and an effective tool radius of 1.36 inches (3.5 em) is' used for all cases studied. An effective attenuation with Q = 35 (see Cheng and Toksoz, 1981) has also been included. The effective attenuation is essentially an exponentially decaying envelope applied to the waveform to simulate attenuation. The borehole is divided into sixteen equally spaced regions around the source. Since the problem is symmetric in 'I' four take off angles can be used in the quarter circle with '1'=11.25°,33.75°,56.25°,78.75°to model these sixteen regions. It has been assumed that the source is aXially symmetric so that the equally spaced waveforms will carry the same weight in the summation.
It is obvious that washouts and bridging may cause highly non-circular holes which could radically alter the character of the full waveform logs. It is not clear whether the relaxation of local stresses through the deformation of the borehole could effect a measurable change in the waveforms. Figure 2 shows a synthetic seismogram generated for a centered tool in a limestone formation with parameters listed in Table 1 . Clearly visible are the. a) P, b) leaky (or PL) mode, c) pseudo-Rayleigh, and d) Stoneley waves, and e) the Airy phase of the pseudo-Rayleigh wave.
An estimate of a relatively high value of strain release for a 4 inch (10.2 em) radius borehole at normal logging depths is needed. Parameters for the two rock types modeled, the Bedford limestone and the Chico siltstone, were obtained from Birch (1986) . Young's modulus, E in megabars, and Poisson's ratio, v, for each rock are shown in Tabie 1. An order of magnitude estimate of regional stresses at a depth of 8.2 kft (2.5 km) was obtained from McGar and Gay (1978, Figure 5 ). The horizontal stresses for this model, rIz and rI y , should be less than 1 kbar. Accordingly, the sum of the horizontal stress, rI z +rI y , is less than 2 kbar, and the stress difference, rI z -rI y , is less than 1 kbar. The estimates of the properties of regional stresses were related to the strain release through an equation derived by Jaeger and Cook (1979, equation 15.3(2) 
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R is the radius of the borehole, and the other parameters are as before. Also listed in Table 2 are the strain releases found for each rock.
The maximum relative deformation is 0.087 inches (2.21 mm). In order to determine a reasonably high upper limit for the effects of stress relaxation or a minor amount of hole deterioration, a synthetic seismogram was generated for an elliptic borehole with a relative deformation of 0.16 inches (4.06 mm) using the sUmming method above. The parameters used to generate this synthetic waveform are shown in Figure 3 and listed in Table 1 .
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It can be seen that there is indeed a large effect upon the log even from this small amount of ellipticity. These effects can be classified into several observations about the elliptic log relative to the centered log: 1) the P wave arrival remains intact, 2) the PL waves are reduced in amplitude, 3) the S wave arrival remaIns intact, 4) the pseudo-Rayleigh wave is reduced after the shear arrival (due to the hIghly dispersive nature of its phase velocity), 5) the Stoneley wave is preserved, and 6) the Airy phase of the pseudo-Rayleigh wave Is preserved. WhIle it may not be possible In general to separate the local stress relaxation from the general borehole condition it is important to note that small changes in the borehole shape can produce large effects in the observed waveforms.
Off-Center Tool in a Circular Borehole
The second model assumes that the sonde is located off-center in one direction radially by an amount br, where r = radius of the borehole, as shown In Figure 4 . This places the sonde parallel to the central axis of the borehole. Each ray whIch leaves the source will encounter the wall of the borehole at a different radial distance away from the sonde. As before, thIs distance, r., is defined as the effective radius of the borehole for that particular take off angle. Figure 4 shows '1', the take off angle, in plan view of each ray as it leaves the source. In this geometry, when '1'=0, the ray "sees" a small borehole. For each larger take off angle the ray "sees" a progressively larger borehole until rp=rr where it "sees" the largest borehole. The assumption is made that for each take off angle around the source we can isolate that portion of the propagation path. It will be replaced by a waveform from a centered sonde In a borehole with the corresponding effective borehole radius for that particular take off angle. As before, by summing up a representative number of these waveforms a stacked waveform is generated whIch appro1dmates the log from an off-center sonde.
The same borehole radius, effective tool radius, and the same effective attenuation value is used for thIs model as with the elliptic model. Here the borehole has been divided into eight equally spaced regions around the source. Since the problem is symmetric in 'I' four take off angles can be used In the half circle with '1'=22.5 ', 67.5', 112.5', 157 .5' to model these eight regions. Again, it is assumed that the source is aXially symmetric so that the equally spaced waveforms will carry the same weight In the summation. Figure 5a shows a summed synthetic waveform approximating a 5% (.2 inch or 5.08 mm) off-center sonde for the limestone formation as before. Figure 5b shows a 10% (0.4 inch or 10.2 mm) model. The reduction in amplitude is greater for the off-center than for the elliptic model but the waveforms are effected in the same general manner.
We generated synthetic waveforms for sandstone ( Figure 6 ) and for shale ( Figure 7 ) both centered and 10% off-center. The formation properties for .these units are also listed in Table 1 . Similar Interference effects can be seen on these examples as well.
Frequency Effect
The synthetic seismograms generated contain all the wave types present which interact in complicated ways. A larger borehole radius can produce multiple reflections as well as higher modes of the pseudo-Rayleigh wave. The P wave cannot be easily separated from the leaky mode, nor the S wave from the pseudo-Rayleigh wave. In order to determine the frequency dependence of this summing method upon headwaves for the off-center model a smearing operator was applied after a method proposed by by Morris et al. (1964) and Huntley (1968) . This operator simulates the effect of the different arrival times at the receiver for the same headwave as it propagates down the borehole. The ray which takes off with \0=0 arrives earlier than the ray which leaves with \O=rr. The duration, To, of the operator is given by 
the off-centered headwave 0 (t), from this model should be simulated. By studying the amplitude spectrum of the smearing operator, a prediction of its effect on the headwaves can be made. In order to construct this operator, the relative travel time as a function of take off angle must be determined. This is the travel time for an off-centered headwave relative to its travel time for the centered case. Figure 8 shows an example of a travel time curve for a limestone formation with formation properties listed in Table 1 . Since this is a symmetric problem only positive angles or' \0 have' been plotted. The left hand scale shows the total travel time for a 10% off-center sonde. The right hand scale shows this travel time relative to a headwave from a centered tool in the same formation. For a zero take off angle the travel time is faster (and hence is negative or earlier) than the centered case since the distance is shorter. For \O=rr the travel time is longer.
To convert this travel time information into a measure of the number of rays arriving at the receiver as a function of time, it is assumed that the source is axially symmetric and equal angles about the source contain an equal amount of energy. In addition, it is assumed that the energy of each ray is concentrated at its arrival time. Taking equal time intervals, starting with the earliest arrival time, the amplitude of the energy arriving in each interval is proportional to the change in \0 in that time interval. Analytically. the operator s(t) is given by
where the sum is taken over all contributions of~i, at time t, of the multivalued function \O(t). It is easy to see that for the degenerate case, i.e.. a centered tool, the smearing operator is (and must be) o(t), the Kronecker delta function. For extrema and inflection points of non-trivial trIO) curves, t~i is proportional to o(t). At these points Airy phase type contributions exist. For computational ease s(t), is discretized to s(nllt). In order to approximate~i, we numerically differentiate \O(t) in the following manner. liT is defined as the difference between the maximum and minimum travel times, t max and t min , respectively. liT is divided into N equal time increments,llt. s(nllt) is then: [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] kHz, the main contribution of the smearing operator to the full waveform log comes from its period, LIT. The details of its exact shape, Le., the "spikiness" of the delta function contributions, generally affect the higher frequencies which are above the bandwidth of most tools. Figure 9 shows a set of smearing functions for limestone when the sonde is between 1% and 11% off-center. The time axis is given for time relative to the centered headwave arrival time. Table 1 lists the properties for these cases. Figure 10 shows the amplitude spectra for the smearing functions for limestone, sandstone, and shale P waves. From these spectra it can be predicted, for example, that for a limestone with a 40 kHz source 3% (.12 Inch or 3.05 = ) off-center, the reduction in P headwave amplitude would be 13%.
Ray Tracing Model
A simple ray tracing techBique is utilized to model headwaves generated by an off-center source in the borehole. The results of this method provide insight and understanding of the complexity of the problem. A rigorous adherence to the results, however, requires a higher frequency source than is co=only used. The model allows the sonde to be positioned to tilt in any arbitrary fashion within the borehole. Snell's law is strictly applied at the source end of the tool but must be relaxed somewhat at the receiver end. In the cylindrical geometry critical refraction paths from the source to the wall can be uniquely defined. What is relatively surprising, however, is that the only rays which propagate straight down the wall are those with take off angles of zero and ?T. All other ray paths contain varying amounts of spin or helical bending around the borehole. The spin angle, lI, measured from the vertical, can be determined from simple geometry and Snell's law as
where 19-=the take otIangle of the source measured relative to the center of the borehole as shown in Figure 11 , with band 7 the same as before.
In general when these rays are traced from the wall to the receiver they will not critically refract back to the receiver location due to their spin. Snell's law is therefore relaxed by neglecting the spin angle in computing its refraction path back to the receiver.
The ray paths for all take off angles can be computed for this model. It is easiest to display these ray paths on a fiat surface which represents the cylindrical wall of the borehole. One edge of the borehole is "cut" in the z direction and unrolled to lie fiat. It is a similar type projection as that used for
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the borehole televiewer data. On this display which in this paper is termed the unwrapped borehole projection, the ray paths in the fluid cannot be seen but the critically refracted rays on the wall are easily seen. It is convenient to circumferentially extend the aisplay in a periodic fashion in order to show rays which spin around the borehole. This will alleviate bookkeeping when a ray "falls" off the edge of one side of the display and must be brought back on again to the other side as it spins completely around the borehole. Figure 12 shows the unwrapped borehole for the limestone previously studied with a 10% off-center sonde. The two lines at about z=.033 feet (0.01 m) and 7.94 feet (2.42 m) which extend in the r~direction show the location of all critical refracted rays which hit the wall from the source and where the rays refract back from the wall to the receiver, respectively. The many lines extending between these points are some of the individual ray paths on the wall.
Once the ray paths are determined, the travel time for these rays can be computed. Figure t3 is the travel time curve for the same limestone as Figure  12 . The plot shows travel time vertically as a function of take-off angle, '1', from the source. This travel time changes as shown in Figure 14 if the top of the tool is held as before and the bottom of the tool is moved so that it is located at z=8 feet (2.44 m), r=0.033 feet (0.0102 m), and~=-11'. This makes the bottom of the tool 10% off center in the other direction. The character of the resulting travel time curve is changed significantly. There is a reduction in total travel time and the 'I' =0 direction is no longer the fast\,st path.
As before, these travel time curves can be changed into a time series representing the smearing function and analyzed in the frequency domairi to estimate their ettect on the spectral content of centered headwaves. Figure  15a shows the amplitude spectra for a limestone formation with 3% ott-center source at three distances, z=8, 12 and 20 feet (2.44, 3.66, and 6.10 meters). The reduction of headwave amplitude appears mqre severe with distance. Figure  15b shows the amplitude spectra for the previous three rock types with source/receiver separation of 8 feet (2.44 meters) and a source 3% off-center. The effect is more severe at the slower velocities. Figure 15c shows the same case as Figure 15b with the tool tilted so that the receiver is at z=8 feet (2.44 meters),~=-11'. The effect at this distance is not as great as in the former case. The results of this method are in fairly close agreement with those obtained by the summing method for small values of sonde off centeredness and tilt.
Wavefront Analysis
A wavefront analysis technique has been implemented to check the validity of the results obtained through ray tracing. Each critically refracted ray is assumed to act as a Huygen's point source for headwaves on the wall. The critically refracted rays are easily determined from Snell's law as before. When a ray hits the wall of the borehole it begins a point source of headwaves. This is represented by a circular wavefront emanating from the point at which the ray hit the wall. As time progresses the circular wavefront travels out from the point source. The interaction of the circular wavefron.ts from all of the rays delineates the actual front of the headwave. "Snap-shots" of the headwave front at any desired time can be taken using this technique. Figure 16 shows a sequence of snap-shots of the wavefront for a sandstone formation 1% offcenter. The straight lines 'are the rays determined by the ray tracing method above. The circular wavefronts for each point source may appear distorted due to the exaggeration between the depth, z, and the r~axes. A comparison of the accuracy of the ray tracing method with the wavefront analysis method shows. in general. that the ray tracing overestimates the duration of the smearing operator by between 10 and 20%. This results in an amplitude spectrum with reduced estimates of the true spectral values. The wavefront analysis could be extended to model the o1!-center perturbations more accurately.
TlLTEDTOOL
Tsang and Rader (1979) have formulated the pressure response for an azimuthally symmetric borehole. The source is located on axis and the receiver can be placed o1!-axis. The receiver can be thought of as a ring pressure transducer. Since the wavefield is symmetric. however, the ring receiver response is the same as an o1!-axis point receiver.
Synthetic waveforms can be generated exactly for a centralized source and an off-axis receiver. This is a special case of the tilted tool model described above. The formulations for body wave attenuation. (Cheng et al., 1982) and a Ricker wavelet source (Ricker. 1944 ) time shifted to appear more causal (Willis, 1983) are used to generate these synthetic waveforms. Figure 17 shows a limestone model with parameters listed in Table 1 . These parameters are similar to those in Figures 2 and 5 . Figure 18 shows a sandstone model similar to that in Figure 6 . Figure 18 shows the shale model we presented in Figure 7 . Again, the parameters are listed in Table 1 . The same general trends as before are observable in these exact models. The main dillerence is that the e1!ect is not as pronounced. The receiver must be placed farther o1!-axis before the effect is as dramatic as with the summing method.
DISCUSSION
Techniques have been presented to estimate the sensitivity of. the full wave acoustic waveforms to borehole asy=etries and tool positioning. At present. these estimates may be used in a qualitative manner. Results of this study indicate the need for a more thorough investigation.
Most studies of full waveform acoustic logs compare the travel time di1!erences and amplitude ratios of the waves recorded at two or more receivers. The travel time differences and amplitude ratios are most strongly a1!ected by o1!-centering and tilting that results from the differences between the receiver locations. Only the total effect from source to receiver and not the difference between two receivers has been examined in this study.
Several trends have been observed as a result of this investigation. Asymmetries and tool positioning have a larger effect on higher frequencies than on low frequencies. The size of the ringing P wave packet decreases as does the central portion of the pseudo-Rayleigh wave with an aSY=8trical tool position whlle the Stoneley wave is relatively unaffected.
At the present time it is not possible to directly measure the positioning of the sonde in the borehole. If the amplitude of a particular phase is needed, for example. to obtain the attenuation Q;' or Q.-', the tilt of the tool and the borehole ellipticity must be known to correct for these effects. Utilization of a multiple arm caliper tool could provide the borehole ellipticity information. Tool tilt could be determined through "reverse profiling" as in standard surface refraction seismology. Most presently available tool configurations. however. are limited to single direction measurement. Alternatively. a statistical approach can be applied to currently available data. Summing many waveforms (or spectra of waveforms) results in a biased estimate of the waveform at that depth interval. The bias would depend (at least in part) upon the average amount of borehole ellipticity and tool tilt in the distance it traveled. If a reasonable estimate of these quantities can be obtained, corrections could eliminate most of the bias in the spectral amplitudes. In addition, an adaptive filter can be constructed to remove these effects from the stacked waveforms. Since the amount of tilt possible is related to the length of the tool and the positions of the receivers, the estimated tilt correction will be a function of each tool design, receiver location, and the annular radius between the tool and the borehole wall. Therefore, for a given tool configuration and depth interval to be studied, a correction filter can be constructed for the waveforms from each source/receiver pair.
TABLE I-Model Parameters

Figure
Velocities
V.
Rock 2 5.94 3.05 2.3 2.44 0 3 "
4.27 2.44 2.14 " 0 6b " " " " 10 7a
3.20 1.83 2.0 " 0 7b " " " " 10 8 5.94 10 9 " 1-11 lOa " 1-11 lOb 4.27 " 1-11 10c 3.20 " 1-11 12 5.94 " 10 off-center 13 " " " 14 5.94 " 10 tilted 15a " 2.44 3 off-center 3.66 6.10 15b " 2.44 3 off-center 4.27 3.20 15c " " 3 tilted 1 6 "-."7 " 1 off-cent"r Note: In Figures 2-7 the effective tool radius used was 0.035m. In all cases (except Figure 3) the borehole radiUS was 0.102m, eccentricity = 0.27; semiminor axis = 0.102m Winbow, G.A., 1980, How to separate compressional and shear arrivals in a sonic log: Presented at the 50th Ann. IntI. Meeting S.E.G.
5-9
5-12
Elliptic Borehole Summing Model Table 1 . Table  1 .
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r - Figure 6 . Synthetic waveforms for sandstone formation using the Off-center Summing Method. Parameters are listed in Table 1 . a) centered, b) 10% off-center. 0.2 .----,---,.--,..----,,..,...-----,---,-----;--- Time CpS) Figure 9 . Off-center Summing Model smearing functions for limestone P headwaves with the tool off-center 1%, 3%, 5%, 7%, 9%, and 11%. "'"
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Side View Figure 11 . Schematic drawing of the ray tracing method describing the tilted sonde in the borehoie. (   2 r -----, -----, ----. , ----, . . ---- Figure 12 . Unwrapped borehoie projection of the ray tracing resuits for limestone P headwaves 10% off-center.
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TRAVEL TIME -TILTED TOOL MODEL 
6.1m
Frequency (kHz) Figure 15a . Ray tracing amplitude spectra resuits for smearing functions for a 3% off-center limestone formation at three source/receiver distances. 
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2.36
Figure 16. Wavelront analysis "snap-shots" 01 the unwrapped borehole projection lor a sandstone with the tool 1% off-center. 
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.. .., Figure 19 . Synthetic shale waveform for a) centered case. b) 20% offcenter.
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.. . Figure 19c . Synthetic shaie waveform for 60% off-center.
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